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Abstract. A neutrosophic hyperstructure is an algebraic 
structure generated by a given hyperstructure H and an 
indeterminacy factor I under the hyperoperation(s) of H. 
The objective of this paper is to study canonical hyper- 
groups and hyperrings in which addition and multiplica- 



tion are hyperoperations in a neutrosophic environment. 
Some basic properties of neutrosophic canonical hyper- 
groups and neutrosophic hyperrings are presented. Quo- 
tient neutrosophic canonical hypergroups and neutro- 
sophic hyperrings are presented. 
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1 Introduction 

Given any hyperstructure //, a new hyperstructure H(I) 
may be generated by H and I under the hyperoperation(s) 
of H. Such new hyperstructures H(I) are called neutrosoph- 
ic hyperstructures where I is an indeterminate or a neutro- 
sophic element. Generally speaking, H(I) is an extension of 
H but some properties of H may not hold in H(I). However, 
H(I) may share some properties with H and at times may 
possess certain algebraic properties not present in H. 

Neutrosophic theory was introduced by F. 
Smarandache in 1995 and some known algebraic structures 
in the literature include neutrosophic groups, neutrosophic 
semigroups, neutrosophic loops, neutrosophic rings, neu- 
trosophic fields, neutrosophic vector spaces, neutrosophic 
modules etc. Further introduction to neutro sophy and neu- 
trosophic algebraic structures can be found in 
[1,2,3,4,16,26,27]. 

In 1934, Marty [18] introduced the theory of hyper- 
structures at the 8 th Congress of Scandinavian Mathemati- 
cians. In 1972, Mittas [21] introduced the theory of canon- 
ical hypergroups. A class of hyperrings (R, +, .), where + 
and . are hyperoperations are introduced by De Salvo [15]. 
This class of hyperrings has been further studied by 
Asokkumar and Velrajan [5,22] and Davvaz and Leoranu- 
Fotea [14]. Further contributions to the theory of hyper- 
structures can be found in [7,8,9,10,14,22]. 

Agboola and Davaaz introduced and studied neutro- 
sophic hypergroups in [4]. The present paper is concerned 
with the study of canonical hypergroups and hyperrings in 
a neutrosophic environment. Basic properties of neutro- 
sophic canonical hypergroups and neutrosophic hyperrings 
are presented. Quotient neutrosophic canonical hyper- 
groups and neutrosophic hyperrings are also presented. 



2 A Review of Well Known Definitions 

In this section, we provide basic definitions, notations 
and results that will be used in the sequel. 

Definition 2.1. Let (G, * ) be any group and let 
G(7) = (G^J /) . The couple (G(/),*)is called a neu- 
trosophic group generated by G and I under the binary op- 
eration * . The indeterminacy factor I is such that 
/*/=/. If * is ordinary multiplication, then 
/*/*/...*/ —I n — I and * if is ordinary addition, 
then 7 * 7 * /... * / = ft/ for n G N. 

G(I) is said to be commutative if a* b = b * a for all 
a,b g G(/). 

Theorem 2.2. [26] Let G(I) be a neutrosophic group. 

(1) G(I) in general is not a group; 

(2) G(I) always contain a group. 

Definition 2.3. Let G(I) be a neutrosophic group. 

(1) A proper subset A(I) of G(I) is said to be a neutro- 
sophic subgroup of G(I) if A(I) is a neutrosophic 
group, that is, A(I) contains a proper subset which 
is a group; 

(2) A(I) is said to be a pseudo neutrosophic group if it 
does not contain a proper subset which is a group. 

Definition 2.4. Let A(I) be a neutrosophic subgroup 
(pseudo neutrosophic subgroup) of a neutrosophic group 
G(I). 

(1) A(I) is said to be normal in G(I) if there exist 
ijg G(/) such that xA(I)y — A(7) . 

(2) G(I) is said to be simple if it has no non-trivial 
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neutrosophic normal subgroup. 

Example 1. [3] Let G(I)={e, a, b, c, I, al, bl, cl} be a 
set, where a 2 =b 2 =c 2 =e, bc=cb=a, ac=ca=b, ab=ba=c. Then 
(G(I),.) is a commutative neutrosophic group, and 
H(I)={e,a,I,aI}, K(I)={e,b,I,bI} and PI={e,c,I,cI} are neu- 
trosophic subgroups of G(I). 

Theorem 2.5. [3] Let H(I) be a non-empty proper sub- 
set of a neutrosophic group (G(I), * ). Then, H(I) is a neu- 
trosophic subgroup of G(I) if and only if the following 
conditions hold: 

(1) d,b e if (/) implies that a*b e 77(7 ); 

(2) There exists a proper subset A of H(I) such that (A, 
*) is a group. 

Definition 2.6. Let (Gi(I), * ) and (Gi(I), * ’) be two 
neutrosophic groups and let ^ I G x (7) — » G 2 (7) be a 
mapping of Gi(I) into G 2 (I). Then, (j) is said to be a ho- 
momorphism if the following conditions hold: 

(1) ^ is a group of homomorphism; 

( 2 ) = 

In addition, if ^ is a bijection, then (j) is called a neu- 
trosophic group isomorphism and we write 

G X {I) = G 2 (I) . 

Definition 2.7. Let (R,+,.) be any ring. A neutrosophic 
ring is a triple (R(I),+,.) generated by R and I, that is, 

R(I) = (RvjI). 

Indeed, R{l) = {x = a + bl : a,b e /?} , where if 
x=a+bl and y=c+dl are elements of R, then 

x © y = (a + bl) © (c + dl ) = (a + c) + (b + d)I , 
xU y = {a + bI)U ( c + dl) = 

(i ac ) + {ad +bc + bd)I . 

Example 2. Let Z w be a ring of integers modulo n. 
Then, Z n (7) = [x = a + bl : <2, Z? E Z n } is a neutrosoph- 
ic ring of integers modulo n. 

Theorem 2.8. [27] Let (R(I),+,.) be a neutrosophic 
ring. Then, (R(I),+,.) is a ring. 

Definition 2.9. Let (R(I),+,.) be a neutrosophic ring. A 
non-empty subset S(I) of R(I) is said to be a neutrosophic 
subring if (S(I),+,.) is a neutrosophic ring. It is essential 
that S(I) must contain a proper subset which is a ring. Oth- 
erwise, S(I) is called a pseudo neutrosophic subring of R(I). 

Example 3. Let (Z 12 (/),+,•) be a neutrosophic ring 
of integers modulo 12 and let S(I) and T(I) be subsets of 
Z 12 (7) given by S(I)={0, 6, I, 21, 31, ..., Ill, 6+1, 6+21, 
6+31, ..., 6+111} and T(I)={0, 21, 41, 61, 101}. Then, 
(S(I),+,.) is a neutrosophic subring of Z 12 (f) while 
(T(I),+,.) is a pseudo neutrosophic ring of Z 12 (7) . 

Definition 2.10. Let (R(I),+,.) be a neutrosophic ring 
and let S(I) be a neutrosophic subring (pseudo neutrosoph- 



ic subring) of R(I). Then, S(I) is called a neutrosophic ide- 
al (pseudo neutrosophic ideal ) of R(I) if for all r E R(I ) 
and s^S(I), r-s,s-r eS{I). 

Definition 2.11. Let (7^(7),+,*) and (7? 2 (7),+,) 
be two neutrosophic rings and let (f> \ R x (/) — » R 2 (/) be a 
mapping of R x (7) into R 2 (7) . Then, (j) is said to be a 
homomorphism if the following conditions hold: 

(1) ^ is a group of homomorphism; 

(2) (/>{I) = I. 

Moreover, if (j) is a bijection, then (j) is called a neu- 
trosophic ring isomorphism and we write R x (7) = R 2 (7) . 
The kernel of (j) denoted by Ker(/) is the set 
{x E 7^(7) ! (j){x ) = 0} and the image of (j) denoted by 
Im (/> is the set {<fi{x) : x e ^(7)} . 

It should be noted that Im (j) is a neutrosophic subring 
of R 2 (7) and Ker(/) is always a subring of Ri and never a 
neutrosophic subring (ideal) of Ri(I). 

Definition 2.12. A map • : S x S —> P* (S) is called 
hyper operation on the set S, where S is non-empty set and 
P* {S') denotes the set of all non-empty subsets of S. 

A hyper structure or hyper groupoid is the pair (SV) ? 
where • is a hyperoperation on the set S. 

Definition 2.13. A hyperstructure ( S ,*) is called a 
semihypergroup if for all 

x,y,z e S,{x- y)- z — x-{y • z) , which means that 

U U-Z= fj x-v. 

UGx-y vey-z 

Definition 2.14. A non-empty subset A of a semihy- 
pergroup ( S , •) is called a subsemihypergroup. In other 
words, a non-empty subset A of a semihypergroup (S', •) is 
a subsemihypergroup if A • A Cl A . 

If X E S and A,B are non-empty subsets of S, then 

A B = (Ja-b,A x = A- {x} , and 

cigA 

b&B 

xU — {x}’B . 

Definition 2.15. A hypergroupoid (77, ) is called a 
quasihypergroup if for all a of H we have 
a- H = H •a- H . This condition is also called the re- 
production axiom. 

Definition 2.16. A hypergroupoid (77, •) which is both 
a semihypergroup and a quasihypergroup is called a hy- 
pergroup. 

Definition 2.17. Let H be a non-empty set and let + be 
a hyperoperation on H. The couple (77,+) is called ca- 
nonical hypergroup if the following conditions hold: 
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(1) x+y=y+x, for all x,y g H ; 

(2) x+(y+z)=(x+y)+z, for all x, J, z £ 77 ; 

(3) there exists a neutral element 0 G 77 such that 
x+0={x}=0+x, for all X G 77 ; 

(4) for every X G 77 , there exists a unique element 
—x G 77 such that 0 g x + (— x) n (— x) + x ; 

(5) Z^X+y implies y G —X + Z and x G z ~ y , 
for all x, j, z G H . 

A non-empty subset A of H is called a subcanonical 
hypergroup if A is canonical hypergroup under the same 
hyperaddition as that of H that is, for every a,b G A , 
a - b G A . In addition, if a + A - a c= A for all clgH , 
A is said to be normal. 

Definition 2.18. A hyperring is a triple ( R , +, •) satis- 
fying the following axioms: 

(1) (/?, +) is a canonical hypergroup; 

(2) (/?, •) is a semihypergroup such that 
X • 0 = 0 • X = 0 for all X G R , that is, ) is a bilat- 
eral absorbing element; 

(3) x-(j + z) =x- J + X-Z and 

(x + y) • z = x • z + y • Z , for all x, y, z e /? . 

Definition 2.19. Let (/?, +, •) be a hyperring and A be 
a non-empty subset of R. Then, A is said to be subhyper- 
ring of R if (A, +, •) is itself a hyperring. 

Definition 2.20. Let A be a subhyperring of a hyper- 
ring R. 

(1) A is called a left hyperideal of R if r-flC Afor 
all r g R,a g A . 

(2) A is called a right hyperideal of R if Cl - rc/1 
for all r gR,clgA. 

(3) A is called a hyperideal of R if A is both left and 
right hyperideal of R. 

(4) A hyperideal A is said to be normal if 
r + a - r c= A for all r gR . 

Definition 2.21. Let (77 p +) and (77 2 ,+) be two 
canonical hypergroups. A mapping (j) \H x ^ 77 2 , is 
called 

(1) a homomorphism if (i) for all X, y G , 

(/){x + y) c= (/){x) + (/>{ y) and (ii) ^(0) = 0 . 

(2) a good or strong homomorphism if (i) for all 
x,y gH x , (f){x +y) = (/>{x) + (/){y) and (ii) 

m=o. 

(3) an isomorphism (strong isomorphism) if ^ is a bi- 
jective homomorphism (strong homomorphism). 

Definition 2.22. [4] Let (H, o)be any hypergroup and 
let (^H i} = {(a,bl) : a,b gH} . The couple 
ffu/),o) is called a neutrosophic hyper- 
group generated by H and I under the hyperoperation o , 
where for all (^, bl\ (c, dl) G H (/) , the composition 
element of H(I) is defined by 
(a, bl) o (c, dl) = { (x, yl ) : x g a o c, 



3 Development of Neutrosophic Canonical Hy- 
pergroups and Neutrosophic Hyperrings 

In this section, we develop the concepts of neutrosoph- 
ic canonical hypergroups and neutrosophic hyperrings. 
Necessary definitions are given and examples are provided. 

Definition 3.1. Let (//,+) be any canonical hyper- 
group and let I be an indeterminate. Let 
H(J) = {H VJ I^j ={(a,bl) \ a,b gH ) be a set gener- 
ated by H and I. The hyperstructure (//(/),+) is called a 
neutrosophic canonical hyper group, where for all 
(a, /?/), (c, dl) G //(/) with b ^ 0 or d ^ 0 , we define 

(a, bl) + (c, dl) g { (x, yl) : x g a + c, 

y Ga + dvjb + cvjb + d} 

and 

(x,0) + (j,0) — {(u,Q) :u g x+ y] . 

The element I is represented by (0,1) in H(I) and any 
element X G H is represented by (x,0) in H(I). For any 
non-empty subset A[I] of H(I) , we define — A[I] = 
{-( a , bl) = (- a , -Z?7) :a,bGH). 

Lemma 3.2. // ^ {0}&£ a canonical hypergroup 

and let H(I) be the corresponding neutrosophic canonical 
hyper group. Then, (0,0) the neutral element of H is not a 
neutral element ofH(I). 

Proof. Suppose that (0,0) is the neutral element of H(I) 
and suppose that (a,bl) gH(I) such that b is non-zero 
and a^b . 

Then 

(a,bI) + (0,0) = {(u,vl):u Ga+0,v Ga+Oub+Oub+O} 
— {(u,vl):u g{cl},v G{a,b}} 
*(a,bl), 

a contradiction. Hence, (0,0) is not a neutral element of 
H(I). 

Definition 3.3. Let (H(I),+) be a neutrosophic canoni- 
cal hypergroup. 

(1) A non-empty subset A[I] of H(I) is called a neu- 
trosophic subcanonical hypergroup of H(I) if 
(A[I],+) is itself a neutrosophic canonical hyper- 
group. It is essential that A[I] must contain a prop- 
er subset which is a subcanonical hypergroup of H. 
If A[I] does not contain a proper subset which is a 
subcanonical hypergroup of H, then it is called a 
pseudo neutrosophic subcanonical hypergroup of 
H(I). 

(2) If A[I] is a neutrosophic subcanonical hypergroup 
(pseudo neutrosophic subcanonical hypergroup), 
then A[I] is said to be normal in H(I) if for all 
(a,bl) e //(/), 

(a, bl) + A[I ] - (a, bl) c A[I ] . 

Lemma 3.4. Let (H(I),+) be a neutrosophic canonical 
hypergroup and let A[I] be a non-empty proper subset of 
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H(I). Then, A [I] is a neutrosophic subcanonical hyper- 
group if and only if the following conditions hold: 

(1) for all 

(a 9 bl) 9 (c 9 dl) g A[I] 9 (a 9 bI)-(c 9 dI) c A[7], 

(2) A [I] contains a proper subset which is a canonical 
hypergroup ofH. 

Lemma 3.5. Let (H(I),+) be a neutrosophic canonical 
hyper group and let A[I] be a non-empty proper subset of 
H(I). Then, A[I] is a pseudo neutrosophic subcanonical 
hyper group if and only if the following conditions hold: 

(1) for all 

(a 9 bl) 9 (c 9 dl) g A[I] 9 (a 9 bI)-(c 9 dI) c A[7], 

(2) A [I] does not contain a proper subset which is a 
canonical hypergroup ofH. 

Definition 3.6. Let A[I] and B[I] be any two neutro- 
sophic subcanonical hypergroups of a neutrosophic canon- 
ical hypergroup H(I). The sum of A[I] and B[I] denoted by 
A[I]+B[I] is defined as the set: 

A[I] + B[I]= (J ( a,bl) + (c,dl ). 

(a,bI)GA[I] 

( c,dI)eB[I ] 

Definition 3.7. Let H(I) be a neutrosophic canonical 
hypergroup and let A[I] be a neutrosophic subcanonical 
hypergroup of H(I). If K is a subcanonical hypergroup of H, 
we define the set 

A[I] + K= (J (a,bl) + (k, 0). 

(a,bI)GA[I] 

( k,0)eK 

Definition 3.8. Let ( R , +, •) be any hyperring and let I 
be an indeterminate. The hyperstructure (/?(/), ® J| ) 
generated by R and I, that is, R(I is called a 
neutrosophic hyperring , where for all 
(a 9 bl) 9 (c, dl) g R(I) 9 

(a,bl)®(c,dl) = {(x, yl) \x<Ea + c,y <Eb + d}\ 
for all (a, bl ), ( c , dl ) g R(I ) with b ^ 0 or d ^ 0, 

(i a , bl) □ (c, dl) - { (x, yl) : x g a.c , 

j g a.d Kjb.c^Jb.d) 
and 

(x,0)D (j,0) = {(w,0 ) : u ex* y}. 

We usually use + and • instead of ® and □ . 

Lemma 3.9. Let R(I) be a neutrosophic hyperring. 
Then, (0, 0) e R(I) is bilaterally absorbing element. 

Proof. Suppose that {a, bl) e 7?(7). Then, 

(fl,W).(0,0) = 

{(u,vl) : M G a-0,V G a-0fjZ?-0fjZ?-0} = 

{(w, v7) : w g {0}, v g {0} } = {(0,0)}. 

Hence, (0, 0) e R(I) is a bilaterally absorbing ele- 
ment. 



Definition 3.10. Let (/?(/),+,•) be a neutrosophic 
hyperring and let A[I] be a non-empty subset of R(I). Then, 
A[I] is called a neutrosophic subhyperring of R(I) if 
(A[/],+, •) is itself a neutrosophic hyperring. It is essen- 
tial that A[I] must contain a proper subset which is a hy- 
perring. Otherwise, A[I] is called a pseudo neutrosophic 
subhyperring of R(I). 

Definition 3.11. Let (/?(/),+,*) be a neutrosophic 
hyperring and let A[I] be a neutrosophic subhyperring of 

R(I). 

(1) A[I] is called a left neutrosophic hyperideal if for 
all ( r,sl ) g /?(/), (a,bl) gA[/], 

(2) A[I] is called a right neutrosophic hyperideal if for 
all ( r,sl ) GR(I),(a,bI) eA[/], 

(a 9 bI)-(r 9 sI)<^AUl 

(3) A[I] is called a neutrosophic hyperideal if A[I] is 
both a left and right neutrosophic hyperideal. 

A neutrosophic hyperideal A[I] of R[I] is said to be 
normal in R(I) if for all (r, si) G /?(/), 

(r, si) + A[7] - (r, si) c= A[7] . 

Lemma 3.12. Let (/?(7), +, •) be a neutrosophic hy- 
perring and let A[I] be a non-empty subset of R( I ). Then, 
A[I] is a neutrosophic hyperideal if and only if the follow- 
ing conditions hold: 

(1) For all 

(a,bI)Xc,dI) g A[I],(a,bI)-(c,dI) c= A[7]; 

(2) For all (r, s7) g 7?(7),(^,^7) g A[7], 

(a, bl) • (r, si) c= A[7] and 

(r,sl)-(a,bl)^ A[I]; 

(3) A[I] contains a proper subset which is a hyperring. 

Lemma 3.13. Let (/?(7), +, •) be a neutrosophic hy- 
perring and let A[I] be a non-empty subset of R( I ). Then, 
A[I] is a pseudo neutrosophic hyperideal if and only if the 
following conditions hold: 

(1) For all 

0 a 9 bl ), (c, dl) G A[7] , ( a 9 bl) - (c 9 dl) c A[7] ; 

(2) For all (r,sl) g R(I),(a,bI) g A[7], 

(a, Z?7) • (r, ^7) c= A[7] and 

(JJ A[I] does not contain a proper subset which is a 
hyperring. 

Definition 3.14. Let A[I] and B [I] be any two neutro- 
sophic hyperideals of a neutrosophic hyperring R(I). The 
sum of A[I] and B[I] denoted by A[I]+B[I] is defined as 
the set { (x, yl) : (x, yl) g (a, bl) + (c, dl ), where 
(a 9 bI)eA[I] 9 (c 9 dI)^B[I]}. 

Definition 3.15. Let R(I) be a neutrosophic hyperring 
and let A[I] be a neutrosophic hyperideal of R(I). If K is a 
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hyperideal (pseudo hyperideal) of R, the sum of A[I] and K 
denoted by A[I]+K is defined as the set 
{ (x, yl ) : (x, yl ) e (a, bl) + ( k , 0), where 

(a,M)eA[/],(£,0)e/n. 



Example 4. Let R(l)={(0,0),(x,0),(0,xl),(x,xl)} be a set 
and let + and • be hyperoperations on R(I) defined in the 
tables below. 



+ 


(0,0) 


(x,0) 


(0,xl) 


(x,xl) 


(0,0) 


{(0,0)} 


{(x,0)} 


{(0,0), 

(0,xl)} 


{(x,xl)} 


(x,0) 


{(x,0)} 


{(0,0), 

(x,0)} 


{(x,0), 

(x,xl)} 


R(I) 


(0,xl) 


{(0,0), 

(0,xl)} 


{(x,0), 

(x,xl)} 


{(0,0), 

(0,xl)} 


{(x,0), 

(x,xl)} 


(x,xl) 


{(x,xl)} 


R(D 


{(x,0), 

(x,xl)} 


R(D 



Table 1. 





(0,0) 


(x,0) 


(0,xl) 


(x,xl) 


(0,0) 


{(0,0)} 


{(0,0)} 


{(0,0)} 


{(0,0)} 


(x,0) 


{(0,0)} 


{(0,0), 

(x,0)} 


{(0,0), 

(0,xl)} 


R(D 


(0,xl) 


{(0,0)} 


{(0,0), 
(0,xQ } 


{(0,0), 

(0,xl)} 


{(0,0), 

(0,xl)} 


(x,xl) 


{(0,0)} 


R(D 


{(0,0), 

(0,xl)} 


R(D 



Table 2. 



It is clear from the tables that (R(I),+) is a neutrosophic 
canonical hypergroup and (/?(/), +, •) is a neutrosophic 
hyperring. 

4 Properties of Neutrosophic Canonical Hyper- 
groups 

In this section, we present some basic properties of 
neutrosophic canonical hypergroups. 

Proposition 4.1. Let (7/(7),+) be a neutrosophic canon- 
ical hypergroup. Then, 

(1) (7/(7), +) in general is not a canonical hyper group. 

(2) (//(/),+) always contain a canonical hyper group. 

Lemma 4.2. Let (7/(7), +) be a neutrosophic canonical 
hypergroup. 

( 1 ) -( 0 , 0 )=( 0 , 0 ). 

(2) -(-( a , bl)) - ( a , bl) for all (a, bl ) e //(/). 

(3) -((a, bl) + (c, dl ) = -(a, bl) - (c, dl) for all 
(a, bl), (c, dl) g //(/). 

Proposition 4.3. Ze/ (H(I),+) and (G(I), + ’) be any two 
neutrosophic canonical hypergroups. Then, H(I) X G(/) 
A a neutrosophic canonical hypergroup, where 

(( a,bI),{c,dI) + '\{e,flUg,hI )) 

= { ((p> (X >'/)) : (A <?/) e (, a , W) + (e, .//), 

(jc, j/) e (c, <i/) + ’(g, hi)}. 



for all 

((a,bl), (c, dl)), ((e, .//), (g, hi)) g //(/) x G(/). 

Proposition 4.4. Z^Z (//(/),+) a neutrosophic canon- 
ical hypergroup and let (K, + ’) be a canonical hypergroup. 
Then, H(I)xK is a neutrosophic canonical hyper group, 
where 

(( a , hi), (m, 0) + "((c, dl), (n, 0)) 

= { ((x, yl), (k, 0)) : (x,yl) e (a, bl) + ( c , dl), 

(&, 0) e (m, 0) + \n, 0) } , 

for all 

((a, bl), ( m, 0)), ((c, J/), (n, 0)) e H(I) x K. 

Proposition 4.5. Let A[I] and B[I] be any two neutro- 
sophic subcanonical hyper groups of a neutrosophic canon- 
ical hyper group H(I). Then, 

(1) A[I]+B[I] is a neutrosophic subcanonical hyper- 
group ofH(I). 

(2) A[I]+A[I]=A[I]. 

(3) A[I] n B[I] is a neutrosophic subcanonical hy- 
pergroup ofH(I). 

Proposition 4.6. Let H(I) be a neutrosophic canonical 
hyper group and let A[ I] and B[I] be any neutrosophic sub- 
canonical hypergroup and pseudo neutrosophic subcanon- 
ical hyper group of H(I), respectively. Then, 

(1) A[I]+B[I] is a neutrosophic subcanonical hyper- 
group of H(I). 

(2) A[I] n B[I] is a pseudo neutrosophic subcanon- 
ical hyper group of H(I). 

Proposition 4.7. Let H(I) be a neutrosophic canonical 
hyper group and let A[ I] and B[I] be any neutrosophic sub- 
canonical hypergroup and pseudo neutrosophic subcanon- 
ical hypergroup respectively. If K is any subcanonical hy- 
pergroup ofH, then 

(1) A[I]+K is a neutrosophic subcanonical hyper- 
group of H(I). 

(2) B[I]+K is a neutrosophic subcanonical hyper- 
group of H(I). 

Proposition 4.8. Let (7/(7), +) be a neutrosophic canon- 
ical hypergroup and let Abe a subcanonical hypergroup of 
H. If A is normal in H, A [I] is not necessarily normal to 
H(I). 

Proposition 4.9. Let (H(I),+) be a neutrosophic canon- 
ical hypergroup and let A be a normal neutrosophic subca- 
nonical hyper group of H. Then, 

{a, al) + A - {a, al) c= A[I ] for all ( a , al) e //(/). 

Proof. Suppose that A is normal in H. Let (h,0) be an 
arbitrary element of A. Then, for all (a,al) e H(I) with 
a ^ 0 , we have 

{a, al) + (/z, 0) - {a, al) 

— (a,al) + {(x,yl) : x e /z — a, j e/i-auO-a) 
= {(w,vl):wGa + x,vE^ + yua + x, 
xeft-fl , y g h-avj-a } 



A. A. A. Agboola & B. Davaaz, On Neutrosophic Canonical Hypergroups and Neutrosophic Hyperrings 







39 



Neutrosophic Sets and Systems, Vol. 2, 2014 



— {(u,vl) :u (Ea + h — a, 

v ^a + h-a^Ja-a^Ja + h-a}, 
from which we obtain U E A and V E A . Therefore, 
( u , v7) e A[7]. Since (/z, 0) e A is arbitrary, the required 
results follow. 

Definition 4.10. Let (H(I),+) be a neutrosophic canoni- 
cal hypergroup and let A[I] be a neutrosophic subcanonical 
hypergroup of H(I). We consider the quotient 

(//(/) : A[/]) = { ( a , bl ) + A[7] : (a, bl ) e //[/] } 
and we put (a, Z?7) + A[7] = [(a, Z?7)]. For all 

[(a,Z?7)],[(c,d7)] g (77(7) : A[7]), we define the 
hyperoperation ® on (77(7) : A[7]) as 

[(a, Z?7)] ® [(c, J7)] = { [(e, fl )] : (e, fl ) e 
(a,Z?7) + (c,J7)} . 

Then the couple ((77(7) : A[7]), ®) is called the quo- 
tient neutrosophic canonical hyper group . If A[I] is a pseu- 
do neutrosophic subcanonical hypergroup, then we call 
((77(7) : A[7]), ©) a pseudo quotient neutrosophic ca- 
nonical hyper group. 

Proposition 4.11. Let H(I) be a neutrosophic canoni- 
cal hyper group and A [I] be a neutrosophic subcanonical 
hyper group (pseudo neutrosophic subcanonical hype- 
group) ofH(I). Then, ((77(7) : A[7]), ©) is generally not 
a canonical hypergroup. 

Definition 4.12. Let (77^7),+) and (77 2 (7),+) be 
two neutrosophic canonical hypergroups and let 
(f>\ 77 : (7) — » 77 2 (7) be a mapping from H X (I) into 
H 2 {I). 

(1) (/) is called a homomorphism if 

a. ^ is a canonical hypergroup homomor- 
phism; 

b. m,D)=(o,n. 

(2) (j) is called a good or strong homomorphism if 

a. ^ is a good or strong canonical hyper- 
group homomorphism; 

b. ^((0, / )) = (0, / ). 

(3) (j) is called a isomorphism (, strong isomorphism) if 
^ is a bijective homomorphism (strong homo- 
morphism). 

Definition 4.13. Let (f ) : 77 : (7) — » 77 2 (7) be a ho- 
momorphism from a neutrosophic canonical hypergroup 
77j(7) into a neutrosophic canonical hypergroup 77 2 (7 ) . 

(1) The kernel of (j) denoted by Kerr/) is the set 

{(fl,tf)6/f 1 (/):^ > W)) = (0 I 0)}. 

(2) The kernel of (j) denoted by Im (j) is the set 
{(/)((a,bl )) : (afll) e 7/ 1 (7)}. 

5 Properties of Neutrosophic Hyperrings 

In this section, we present some basic properties of 
neutrosophic hyperrings. 



Proposition 5.1. Let (/?(7),+, •) be a neutrosophic 
hyperring. Then, 

(1) (/?(7), +, •) in general is not a hyperring. 

(2) (/?(7), +, •) always contain a hyperring. 

Proof. (1) It has been presented in part (1) of Proposi- 
tion 4.1. that (/?(7),+, *)is not a canonical hypergroup. 
Also, distributive laws are not valid in (/?(7), +, •) . Hence, 
(/?(7), +, •) is not a hyperring. (2) Follows from the defi- 
nition. 

Proposition 5.2. Let (7?(7), +, •) and (5(7), + V ')be 
any two neutrosophic hyperrings. Then, R(I) X S(I) is a 
neutrosophic hyperring, where 

((a, bl), (c, dl) + ”((e, fl), (g, hi)) 

= {((p, ql ), (x, yl )) : {p, ql) e (a, bl) + (e, fl), 

(x, yl) e (c, dl) + '(g,hl)}, 

and 

((a,bl), (c,dl) ■ ”((e, fl), (g, hi)) 

= {((P, qO, (x, yl )) : \p, ql) e {a, bl).{e, fl), 

(. x,yI)<E(c,dI).'(g,hI )}, 

for all 

((a, bl), (c, dl)), (O, fl),(g, hi)) e /?(/) x 5(7). 

Proposition 5.3. Let (7?(7),+, •) ^ a neutrosophic 
hyperring and let (K, + ',•') be a hyperrings. Then, 
R(I ) xK is a neutrosophic hyperring, where 
((a, bl), (m, 0) + "((c, dl), (n, 0)) 

= { i(x, yl), (k, 0)) : (x, yl) e (a, bl) + (c, dl), 

(k,0)e (m, 0) + \n, 0) } , 

and 

((a,bl),(m,0)-'\(c,dl),(n,0)) 

= { ((x, yl), (k, 0)) : (x, yl) e (a, bl).(c, dl), 

(k, 0) e (m, 0).'(n, 0) } , 

for all 

((a, &/), (m, 0)), ((c, dl), (n, 0)) e R(I) x 77. 

Lemma 5.4. Let A[I] be any neutrosophic hyperideal 
of a neutrosophic hyperring R(I). Then, 

(1) A[I]+A[I]=A[I]. 

(2) (a,bI)+A[I]=A[I] for all (a,bl) e A[7] . 

Proposition 5.5. Let (R(I),+p) be a neutrosophic 
hyperring and let A[I] and B[I] be left (right) neutrosophic 
ideals ofR(I). Then, 

(1) A[I]r^B[I]is a left (right) neutrosophic hyper- 
ideal ofR(I). 

(2) A[7] + 7?[7] is a left (right) neutrosophic hyper- 
ideal of R( I). 

Proposition 5.6. Let R(I) be a neutrosophic hyperring 
and let A[I] and B[I] be any neutrosophic hyperideal and 
pseudo neutrosophic hyperideal of R(1 ) respectively. Then, 

(1) A[7] + B[I ] is a neutrosophic hyperideal of R( I). 

(2) A[I ] n B[I] is a pseudo neutrosophic hyperideal 
ofR(I). 

Proposition 5.7. Let R(I) be a neutrosophic hyperring 
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and let A[I] and B[I] be any neutrosophic hyperideal and 
pseudo neutrosophic hyperideal, respectively. If K is any 
subhyperring ofR, then 

(1) A[I ] + K is a neutrosophic hyperideal ofR(I). 

(2) B[I ] + K is a neutrosophic hyperideal ofR(I). 

Proposition 5.8. Let (*(/),+,•) be a neutrosophic 
hyperring and let A be a hyperideal of R. If A is normal in 
R, A [I] is not necessarily normal in R(I). 

Proposition 5.9. Let (*(/),+,•) be a neutrosophic 
hyperring and let Abe a normal hyperideal ofR. Then, 

(a, al) + A - (a, al) c= A[I ] 
for all (a,al) e /?(/). 

Definition 5.10. Let (/?(/),+,*) be a neutrosophic 
hyperring and let (A(7), +, •) be a neutrosophic hyperideal 
of R(I). We consider the quotient (7?(7) : A[7]) = 

{ ( a , bl) + A[7] : ( a , Z?7) e 7?(7) } and we put 
(a,bI)+A[I]=[(a,bI)] . 

For all [(a,Z?7)],[(c, dlf] e ((7?(7) : A[7]), we con- 
sider the hyperoperation ® as defined in the Definition 
4.10 and we define the hyperoperation □ on 
((7?(7):A[7])as [(a 9 bI)]U [(c,dl)] = {[(e,fl)]: 

(e,fl)e(a,bl).(c,dl)}. 

Then, the triple ((7?(7) : A[7]), ©,□ ) is called the 
quotient neutrosophic hyperring. If A[I] is a pseudo neu- 
trosophic hyperideal, then we call ((7?(7) : A[7]), ®J| ) 
a pseudo neutrosophic hyperring. 

Proposition 5.11. Let R(I) be a neutrosophic hyperring 
and let A[I] be a neutrosophic hyperideal (pseudo neutro- 
sophic hyperideal ) of R(I). Then, ((7?(7) : A[7]),©, I ) 
is generally not a hyperring. 

Definition 5.12. Let (7^(7),+) and (7? 2 (7),+) be 
two neutrosophic hyperrings and let (f> \ R { (7) — » R 2 (7) 
be a mapping from 7^(7) into 7? 2 (7) . 

(1) (/) is called a homomorphism if 

a. ^ is a hyperring homomorphism; 

b. ^((0,7)) = (0,7). 

(2) (j) is called a good or strong homomorphism if 

a. ^ is a good or strong hyperring homo- 
morphism; 

b. ^((0, /)) = (0, 1). 

(3) (/) is called a isomorphism (strong isomorphism) if 
(j) is a bijective homomorphism (strong homo- 
morphism). 

Definition 5.13. Let (f> : 7^(7) — > 7? 2 (7) be a homo- 
morphism from a neutrosophic hyperring 7^(7) into a 
neutrosophic hyperring 7? 2 (7) . 

(1) The kernel of (j) denoted by Ker(f) is the set 

{ (a, bl) e R x (7) : (j)(fa, bl)) = (0, 0) } . 

(2) The kernel of (ft denoted by Im (j) is the set 

ma,bI))-{a,bI)^R x {I)}. 

Proposition 5.14. Let (f) \ R x (7) — ^ R 2 (7) be a ho- 



momorphism from a neutrosophic hyperring 7^(7) into a 
neutrosophic hyperring R 2 (7) . Then, 

(1) Ker(f) is a subhyperring of R x and never be a 
neutrosophic hyperring (neutrosophic hyperideal) 

of /?,(/) • 

(2) Im^ is a neutrosophic subhyperring of 7? 2 (7) . 

Question 1: Does there exist: 

(1) A neutrosophic canonical hypergroup with normal 
neutrosophic subcanonical hypergroups? 

(2) A neutrosophic hyperring with normal neutrosoph- 
ic hyperideals? 

(3) A simple neutrosophic canonical hypergroup? 

(4) A simple neutrosophic hyperring? 

6 Conclusion 

In this paper, we have introduced and studied neutro- 
sophic canonical hypergroups and neutrosophic hyperrings. 
We presented elementary properties of neutrosophic ca- 
nonical hypergroups and neutrosophic hyperrings. Also, 
we studied quotient neutrosophic canonical hypergroups 
and quotient neutrosophic hyperrings. 

References 

[1] A. A. A. Agboola, A. D. Akinola, and O. Y. Oyebola. Neu- 
trosophic Rings I, Int. J. Math. Comb. 4 (2011), 1-14. 

[2] A. A. A. Agboola, E. O. Adeleke, and S. A. Akinleye. Neu- 
trosophic Rings II, Int. J. Math. Comb. 2 (2012), 1-8. 

[3] A. A. A. Agboola, A. O. Akwu, and Y. T. Oyebo. Neutro- 
sophic Groups and Neutrosophic Subgroups, Int. J. Math. 
Comb. 3 (2012), 1-9. 

[4] A. A. A. Agboola and B. Davvaz. Introduction to Neutro- 
sophic Hypergroups (To appear in ROMAI Journal of 
Mathematics). 

[5] A. Asokkumar and M. Veelrajan. Characterization of regu- 
lar hyperrings, Italian J. Pure and App. Math. 22 (2007), 
115-124. 

[6] A. R. Bargi. A class of hyperrings, J. Disc. Math. Sc. And 
Cryp. 6 (2003), 227-233. 

[7] P. Corsini. Prolegomena of Hypergroup Theory. Second 
edition, Aviain Editore, 1993. 

[8] P. Corsini and V. Leoreanu. Applications of Hyperstructure 
Theory. Advances in Mathematics. Kluwer Academic Pub- 
lisher, Dordrecht, 2003. 

[9] B. Davvaz. Poly group Theory and Related Systems. World 
Sci.Publ.,2013. 

[10] B. Davvaz. Isomorphism theorems of hyperrings, Indian J. 
Pure Appl. Math. 35(3) (2004), 321-333. 

[11] B. Davvaz. Approximation in hyperrings, J. Mult. -Valued 
Soft. Comput. 15(5-6) (2009), 471-488. 

[12] B. Davvaz and A. Salasi. A realization of hyperrings, 
Comm. Algebra 34 (2006), 4389-4400. 

[13] B. Davvaz and T. Vougiouklis. Commutative rings obtained 
from hyperrings (Hv-rings) with a*-relations, Comm. Alge- 
bra 35 (2007), 3307-3320. 

[14] B. Davvaz and V. Leoreanu-Fotea. Hyperring Theory and 
Applications. International Academic Press, USA, 2007. 

[15] M. De Salvo. Hyperrings and hyperfields, Annales Scien- 



A.A.A. Agboola & B. Davaaz, On Neutrosophic Canonical Hypergroups and Neutrosophic Hyperrings 





41 



Neutrosophic Sets and Systems, Vol. 2, 2014 



tifiques de l’Universite de Clermont-Ferrand II, 22 (1984), 
89-107. 

[16] F. Smarandache. A Unifying Field in Logics: Neutrosophic 
Logic, Neutrosophy, Neutrosophic Set, Neutrosophic Prob- 
ability (3 rd Ed.). American Research Press, Rehoboth, 2003. 
URL: http ://f s . gallup.unm. edu/eB ook-Neutrosophic4 .pdf . 

[17] K. Krasner, A class of hyperrings and hyperfields, Int. J. 
Math. And Math. Sci., 6(2) (1983), 307-311. 

[18] F. Marty, Sur une generalization de la notion de groupe, 8 th 
Congress Math. Scandinaves, Stockholm, Sweden, (1934), 
45-49. 

[19] S. Mirvakili, S.M. Anvariyeh and B. Davvaz, On a-relation 
and transitivity conditions of a, Comm. Algebra, 36 (2008), 
1695-1703. 

[20] S. Mirvakili and B. Davvaz, Applications of the a*-relation 
to Krasner hyperrings, J. Algebra, 362 (2012), 145-146. 

[21] J. Mittas, Hypergroups canoniques, Math. Balkanica 2 
(1972), 165-179. 

[22] M. Velrajan and A. Asokkumar, Note on Isomorphism 
Theorems of Hyperrings, Int. J. Math. And Math. Sci., 
Hindawi Publishing Corporation (2010), 1-12. 

[23] A. Nakassis, Expository and survey article of recent results 
in hyperring and hyperfield theory, Int. J. Math. And Math. 
Sci. 11 (1988), 209-220. 

[24] R. Rotta, Strongly distributive multiplicative hyperrings, J. 
Geo. 39(1-2) (1990), 130-138. 

[25] M. Stefanascu, Constructions of hyperfields and hyperrings, 
Stud. Cercet. Stiint. Ser. Mat. Univ. Bacau No. 16, suppl. 
(2006), 563-571. 

[26] W.B. Vasantha Kandasamy and F. Smarandache. Some 
Neutrosophic Algebraic Structures and Neutrosophic N- 
Algebraic Structures. Hexis, Phoenix, Arizona, 2006. URL: 
http ://fs .gallup.unm.edu/NeutrosophicN - 
AlgebraicStructures.pdf. 

[27] W.B. Vasantha Kandasamy and F. Smarandache. Neutro- 
sophic Rings, Hexis, Phoenix, Arizona, 2006. URL: 
http://fs.gallup.unm.edu/NeutrosophicRings.pdf. 

[28] T. Vougiouklis. Hyperstructures and their Representations, 
Hadronic Press, Inc., 113 Palm Harber, USA, 1994. 

[29] T. Vougiouklis. The fundamental relation in hyper- 
rings.The general hyperfields. Proc. Fourth Int. Congress on 
Algebraic Hyperstructures and Applications (AHA 1990), 
World Scientific (1991), 203-221. 



Received: February 3 rd , 2014. Accepted: February 27 th , 2014. 



A. A. A. Agboola & B. Davaaz, On Neutrosophic Canonical Hypergroups and Neutrosophic Hyperrings 





